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In this paper, we generalize a discrete model of the inner product associated with
a distribution function, called a typical inner product. In this case, the nth
orthogonal polynomial has multiple roots. Necessary and sufficient conditions for the
existence of quasi-typical extensions for an inner product defined in 9"n_1 (vector
space of polynomials of degree 'Sn - I) are given. We also obtain a noteworthy
expression for the nth moments in terms of the above moments. 1990 Academic

Press. Inc.

1. INTRODUCTION

Let "'I be a Jordan are, and (J I , (J 2, ... , (J" distribution functions defined on
}'; that is, for j= 1,2, ... , h:

(a) (Jj:}' -+ R is a nondecreasing function III terms of the
parametrization of the Jordan arc.

(b) IL ZkZI d(Jjl < 00, for k, 1= 0,1,2, ....

We consider L;((JI, (J2, ... , (J,,) defined as

{f:'r -+ C Iitl fI f{i .1)(ZW d(Ji< 00 },
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with the usual inner product

h •

<J;g)= L I Iii II(z)gli ll(z)d(h
i= 1 ")'

(I)

For a compact interval A of the real line, several properties of
orthogonal polynomials associated with this inner product have been
studied in [2]. For example, the zeros of these polynomials need not be
distinct or lie in A. There are no references for similar problems in the
theory of orthogonal polynomials over curves or arcs. In this paper, we
analyze a discretization of (I) and compare it with the typical inner
product which appears in the theory of moments and Gaussian quad
ratures (see [I, 4]).

Let:xj, :Xl, ... ,:XkE'Y, and let (J;:~'->IR (i=1,2, ... ,h) be defined by
(J;(z) = K i ; if:Xi _ 1 < z < :Xi' with the natural orientation on the arc~' induced
by the parametrization (see [3]), where the Kif satisfy P if = K i + Ii - K il > 0
for each j = 1,2, ... , k - I and i = I, 2, ... , h. Moreover, if Pif = 0, we assume
Pil = 0 for each I> i.

This discretization of (I) allows us to represent it as

!:

<.1; g) = L
jl,-l

"I'lm)( ) (ml( )L. . :Xi g :Xi Pi,m+ I' (2)
i= 1 m=O

where III (I ,,;; Ill";; h) is the number of distribution functions (J f which have
a jump at :Xi' that is, Plj> 0 for i = I, ..., Ili'

Remarks. I. If (Jf = (J I for each i, (I) is the inner product which defines
the Sobolev spaces.

2. If Ili= I, j= I, 2, ... , k, we have a degenerate situation studied in
[3, 5] for some particular classes of algebraic curves, namely, harmonic
algebraic curves and equipotential curves.

3. P,,(z) = (z - (XI )!Il (z - :Xl)!" ... (z - :xk)l" is the nth monic
orthogonal polynomial for the inner product (2), where L7~ I Ili = n.

2. QUASI-TYPICAL INNER PRODUCT

2.1. DEFINITION.' Let PI' Pl' ... , Ilk be positive integers, let L7~ I P, = n,
let (X I' (Xl' ... , (Xk' 1,,;; k ,,;; n, be complex numbers, and let P II' ... , P 11'1' ... ,

Pkl' ... , Pk!" be positive real numbers.
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A quasi-typical inner product is an inner product defined in £~, by the
Gram matrix M n = (cii)~j~O' where

J1i~- 1

L: Vim Vhm:X; mii;-mpi,m+ \
i= I m=O

(I, h = 0, I, ..., n; (I, h) =I (n, n)),

k tli-l

Cnn = L L (Vllm)2t1.:?-m~~l mpi,m+l +en,
i~ 1 m=O

en>Oand Vnm =n(n-I)···(n-m+l);n,m=O, 1,2, ....
The Gram matrix M n _ 1, also called the generalized moment matrix, is

congruent to a nonnegative diagonal matrix P,

Mn-,=(V;, d*PV;,_\,
where

PIl

P=

and V~ __ \ is the generalized Van der Monde matrix.
If k = n, we obtain the so-called typical inner product, which has been

studied in [3, 5] for some canonical types of algebraic curves in the
complex plane.

2.2. PROPOSITION. For a quasi-typical inner product defined in ~,:

(a) IfQ(z), R(Z)E.9" and the degree ofQ(z) or the degree of R(z) is
=I n, then

k

<Q(z),R(z)= L:
i= I

Iii - I

L: Pi.m+ 1 Q(m)(:x i) R(m)(:xJ
m=O

(b) If Q(z) and R(z) E9" and their degree is exactly n, then

k Jti-I

<Q(z),R(z)= L: L: Pi.m+lQ(ml(:x i) R(m)(a,) + q"rn e,,,
i= I m=O

where qn' rn are the leading coefficients of Q(z) and R(z), respectively.
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(c) The zeros of the nth monic orthogonal polynomial 15n(z) are

at, a2, ... , ak, with multiplicities f.11' f.12' ... , f.1k' respectively.

Proof (a) and (b) are obvious by using linearity properties.
(c)ForeachQ(z)E&" I'

k

O=<15jz),Q(z)= L
i= I

IIi I

'\' 15(m)( ) Q(m)( )1..J Pi.m+ 1 n r:J.. i ,'Y.,i·

m=O

If we consider the Lagrange-Sylvester polynomials L,.m(z), i= 1, ... , k;
m = 0, ... , f.1, - 1, which are characterized by

we get P'.m + I 15;;n)(:>:,) = 0, and the result follows immediately. I

3. QUASI-TYPICAL EXTENSIONS

3.1. DEFINITION. Let mn I = (c'i)2i~10 be a positive definite Hermitian
matrix.

A matrix mn = (d,J;:j~O is a quasi-typical extension of the~matrix mn _ I

if

(a) There exist complex numbers ai, 0: 2 , "":>:k and positive real
numbers PI I , ..., PI!'I' ... , Pkl, ..., Pkl'k' en, with L:7= 1 f.1, = n such that

k

dill = L
i= 1

I, h=O, ...,n, (l,h)#(n,n);

Jll 1
'\' V V P ty.'. miih,. --nl,
L, 1m 11m ',m + I ,

m=O

k

drm = L
i= I

J-li- I

L (Vnm)2 a7
tn =0

(b) dill = Clll ' for I, h = 0, , n - 1.

3.2. PROPOSITION. Let m n 1 = (c,)7.i~o the Gram matrix of an inner
product defined in .~, _ 1 •

The following properties are equivalent:

(i) A quasi-typical extension for mil 1 exists.

(ii) {L,.m(z)[i=I, ...,k,m=O, ...,f.1,-I} is an orthogonal hasis in

!?" l'
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(iii) {(a'KIl_I(z,a;)/a:i~)li=l, ...,k; I=O, ...,/-l,-l} is an orthogonal
basis in ~/_ 1, where we denote

a'Kn_,(z, a;) = la'Kn- 1(Y, Z)]
a ' a ' 'r:J.,- i.V Y=(1./

and where Kn _1(z, y) is the (n - 1) st kernel

_ det m lei - ,
det m i - 1

for j = 1, ... , n, and eo = Coo'

Proof (i) => (ii).

k

<Lijz), L,)z) = L
i= I

111- 1

L Pi.m+ 1 L;~/)(a;) L;,'7 l (a;)
111 =0

= Pi,s + I bj/>,,/,

Then {Lj,I'(z)} constitutes an orthogonal system in ~_ 1 and, conse
quently, a basis.

(ii) => (iii).

til I

" a(i,m)L, (7)L ~J I.m'" •

m=O

Then

and

a1Kn_1(z, al )

uri:

(iii) => (i).
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Therefore

and
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_( ~ cYK" dZ,iX,))_ (jl _"
- Li,m(~), i-j -L im (Cl t )-()jm C)it'

CiX,

Since

1 ?/nKn 1(2'~i)

r'1a;n
(3)

we have

k Ii, I
~/- I I VlmiX; m Li.m(z)-

i=-1 tn ~~ 0

(/=0, """, n-l),

(Zl, Zil) = (± Il{ - I JI; I \
I Vim iX~ mL,.m(z), I I V il SL(z) )ils iX, 1.\ /

/~ 1 m~O !~ I \,=0

where

k

I
k

=I
i= 1

III I

I Vim VilmiX;
m~()

Jii I

I Vim VilmiX;
tn = 0

rnj7

m fi.~1
nl pi.m + l'

Then we can define the quasi-typical extension as usual. I

As a very simple consequence of (3), we have

p(Il'- I )(ix )
(Pi - I)! !l I /

en I

k

Il(iX
f
) n (iX/-ix

i
) Ii,

j~ I
ITi

(4)

Finally, we obtain a remarkable expression for the nth monic orthogonal
polynomial associated with the quasi-typical extension in terms of the
above mentioned orthogonal basis.
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3.3. PROPOSITION. For a quasi-typical extension ot' an inner product

defined in i~, I'

e el',-IK (~Ct.)
(i) P,,(z) = _ ,,- I • ~~'-~ ~,' i (z - Ct.J

pUI,-I) (Ct.) oCt. I.', I
nil I

P~:" 11)(Ct.J#O,i=l, ...,k, by (4)).

(ii) C _ 1
nil - -(,Ii 1)

detm"_2 P,,_1 (Ct. i )

coo en c" _ 1.0
(l )(1." I)

2.0

COl en C,, __ 1.1
fjUt! I)

2. I ,
x .

CO." I

C lit

(Iz = 0, ..., 11 - I), ~i'lzere

I ) = V Ii J - I', + 1
f, II, -- 1 1 ~

and Vi.l'i 1 = 0 ill < 11,- I.

Prool (i) is an immediate consequence of (3) and (4).

(ii) By the above expression, for Iz = 0, ..., n - 1,

0=\(7- .)el." lK" \(z,Ct. i ) 7 1t )
- Ct., elil'i I ' - =>

, i

I-li+ I

But, since

C" __ 1.0

C" 1.1

-" I
C CI,ll 1 Cn _ I,ll 1 Ct. iO,ll -- 1

7 zfl-l 0

( 1 )(/1, 1
Coo C 11 -- 1.0

Co." I
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Then,
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I
I
I
I

mn I
____ .-1

I) =0,

and

('Iii'" C nll
I)

I
I

m n 2 I
_________ --.J

CO,n-l ... en 2.1I

I
I
I

m" I
_______ --.J

C II,'" Cn _I." 0

I)

Now (ii) follows immediately. I
Equality (ii) allows us to obtain the moment of order (n, h) III terms of

the above moments.

REFERENCES

I. N. I. AKHIEZER AND M. G. KREIN. Some questions in the theory of moments. in ''Trans!'
Math. Monogr. ... Vo!. 2, Amer. Math. Soc.• Providence, RI. 1962.

2. P. ALTHAMMER. Eine Erweiterung des OrthogonalitatsbegrifTes bei Polynomen und deren
Anwendung auf die beste Approximation, J. Reine Angel"- Math. 211 (1962), 192-204.

3. A. CACHAFEIRO, "Polinomios ortogonales sobre eurvas armonieas de tipo racional,"
Ph. D. Thesis, Servicio de Publicaciones, Departamento Ecuaciones Funcionales. Univer
sidad Santiago, Spain. 1984.

4. L. VIGIL. Caracterizacion de la extension tipica de un producto escalar. Ref. Mat. Hisp.
Amer. (4) 29 (1969).148-169.

5. J. VINUESA, "Polinomios ortogonales relativos a curvas algebraicas armonicas," Servicio de
Publicaciones. Departamento Teoria de Funciones, Universidad Zaragoza. Spain. 1974.


