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In this paper, we generalize a discrete model of the inner product associated with
a distribution function, called a typical inner product. In this case, the nth
orthogonal polynomial has multiple roots. Necessary and sufficient conditions for the
existence of quasi-typical extensions for an inner product defined in %, | (vector
space of polynomials of degree <n—1) are given. We also obtain a noteworthy
cxpression for the nth moments in terms of the above moments. € 1990 Academic

Press. Inc.

1. INTRODUCTION

Let y be a Jordan arc, and o, 0,, .., g, distribution functions defined on
y; that is, for j=1,2, ..., h:

(a) o,:y—=R is a nondecreasing function in terms of the
parametrization of the Jordan arc.
(b) I|f, z*2'do,| < o0, for k, 1=0,1,2, ...

We consider L3(,, 0,, .., 0,) defined as

h

) J!f“"”(z)|2da,r<oc},

i=1

{f:w@
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with the usual inner product

hoo.
hed>=Y | 1 =) g" () do,. (1)

i=1"7

For a compact interval 4 of the real line, several properties of
orthogonal polynomials associated with this inner product have been
studied in [2]. For example, the zeros of these polynomials need not be
distinct or lic in A. There are no references for similar problems in the
theory of orthogonal polynomials over curves or arcs. In this paper, we
analyze a discretization of (1) and compare it with the typical inner
product which appears in the theory of moments and Gaussian quad-
ratures (see [1,47).

Let «,, o5, ...2,€7, and let g,:7 >R (i=1,2, .., h) be defined by
0,(z)=K, if a, | <z<ua,, with the natural orientation on the arc y induced
by the parametrization (see [3]), where the K, satisfy p, =K, | ,— K, >0
for each j=1,2,..k—1and i=1, 2, .., h. Moreover, if p, =0, we assume
py =0 for each />1.

This discretization of (1) allows us to represent it as

k=1

Logy=2 X L7008 ) Py (2)

Jj=1 m=0

where g, (1 <p,<h) is the number of distribution functions ¢, which have
a jump at o, that is, p,; >0 for i=1, .., yu;.

Remarks. 1. 1f 6,=0, for each i, (1) is the inner product which defines
the Sobolev spaces.
2. U =1 j=12,.,k we have a degenerate situation studied in
[3, 5] for some particular classes of algebraic curves, namely, harmonic
algebraic curves and equipotential curves.
3. 13,,(2) = (z—a )" (z — 23)"? - (2 — 2.)"™ 1s the nth monic
orthogonal polynomial for the inner product (2), where ijl U=n.

2. QUASI-TYPICAL INNER PrODUCT

2.1. DEFINITION.  Let y,, fi5. ..., it, be positive integers, let Y5, u,=n,
let oy, %5, ., 2y, 1 <k<n, be complex numbers, and let p,;. ... p,,,. -
Pi1s - Pry, D€ positive real numbers.
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A quasi-typical inner product is an inner product defined in %, by the
Gram matrix M, = (¢;)7,_,, where

k
— LAy [ m, h m
Cip =K%, Z > - Z Im th f pr.m + 1

(Lh=0,1,., 1 (] h)#(n, n)),

k wi—1
Crm: Z Z (I/nm)2 a;lim&;l i mpi.m+1 +€nv
i=1 m=90
e,>0and V,,,=nn—1) - -(n—m+1),n,m=0,1,2, ...
The Gram matrix M, _,, also called the generalized moment matrix, is
congruent to a nonnegative diagonal matrix P,

MnWl:(V:: 1)*PV;1713
where
P
. -~
N
plul
P:
~ Py
N/
pk;tk

and V', _, is the generalized Van der Monde matrix.

If k=n, we obtain the so-called typical inner product, which has been
studied in [3,5] for some canonical types of algebraic curves in the
complex plane.

2.2. PROPOSITION. For a quasi-typical inner product defined in %,

{a) If Q(z), R(z)e P, and the degree of Q(z) or the degree of R(z) is
#n, then

Hi

— ] e
Pim+1 Q(m)(az') R(M)(ai)'

<0z Z

(b) If Q(z) and R(z)e 2, and their degree is exactly n, then

Q(z), R(z)) = Z Z Pims1Q(@) R™(2,) + 4, F,e,.,

f=1 m=0

where q,, r,, are the leading coefficients of Q(z) and R(z), respectively.
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(c) The zeros of the nth monic orthogonal polynomial P (z) are
oy, Uy, s Ay, With multiplicities p,, fy, .., ly, respectively.

Proof. (a) and (b) are obvious by using linearity properties.
(¢) For each Q(z)e 2, |,

JITIE|

k -
O: <P;1 ) Q Z Z Z pIerIP(m) )Q(m)(ai)'

If we consider the Lagrange-Sylvester polynomials L,,.(z), i=1,..,k;
m=0, .., u;— 1, which are characterized by

LY (a,)=3,,0

im smYits

we get p, .. PU(2,) =0, and the result follows immediately. |

3. QUASI-TYPICAL EXTENSIONS

3.1. DEFINITION. Let m, ,=(c,; )”; be a positive definite Hermitian
matrix.

A matrix m,=(d;)!,_, is a quasi-typical extension of the™matrix m

Lj= n—1

if
(a) There exist complex numbers o, «,,.., a4, and positive real

nUMbEIS P11, s Piyys oo Piis s Pipgr €5 With > k_, u;=n such that

ko o1

Imzh—m
d/h: Z Z V/m thpi,m+lai &; ’

i=1 m=0

L h=0,..,n (I h)#(nn),

drm -

i

-

2..n mgn—m .
Z (Vnm) ai ai pi,m+l+ens
m=90

(b) dy,=cy, forl, h=0,.,n—1.

3.2. PROPOSITION.  Let m, ;=(c,) ;]
product defined in %, _,.
The following properties are equivalent:

o the Gram matrix of an inner

(1) A quasi-typical extension for m, | exisis.

(i) {L,(=)Mi=1 . k,m=0,.,u,—1} is an orthogonal basis in
‘jZI 1-
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(iii) {(0'K,_\(z,a)/0a})| i=1, .. k; =0, .., u;— 1} is an orthogonal
basis in P, _,, where we denote

a/K,,,,l(Z, ai): alKn—l(ya Z)
oa ay'! —a

and where K, _,(z,y) is the (n— 1) st kernel

' p det m,
Bl Z ; ) I det m_y
for j=1,...n, and eq=cy.
Proof. (1) = (il).
k pi—1
L2 Li(2)>=3 % pim o L0y LTV ()
i=1 m=0

Then {L,(z)} constitutes an orthogonal system in 2, , and, conse-
quently, a basis.

(11) = (iil).

Then
; &K, (2, a,)
L) Lo2)) = (2 L)
o
= Lg%(d,) = 5/’»151'1’
and
6an7 1(25 al) L, /'(Z) N
= = \ =/,L,,(z).
aar/ <L1,;‘(Z)’ Lt.j(z)> 4 ’ ( )
(iii) = (i).

=1 f -
. J 6/Kn 1(" :xt)
i i .
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Therefore
b(t./J (‘”Kn l(.zs at) U/Kn ](."# 11)\
"" (70_({ ’ ﬁi,’
0K z : .
N <L1 m(z)’ ‘ . ‘\i( O(’)> - Lt')iz)(“r) - ()/'mozrv
) oa)
and
n o1 1 lamK z, 11‘)
Lil2) =[ Y P Py, )} Chy o) (3)
h=0 a
Since
k
Z=Y X Vo "Lo(z)  (1=0,..n—1),
i=1 m=
we have
k -1 k I \
< Z Z V/maﬁz le m Z Z hs ’ i \(:)/>
k w1
= Z Z V[m th i mxfl m<L1m( )’ lm(;)>
i=1 m=0
k
= Z Z V[m hm I md;l mpl.m+!’
=1 m=0
where
n- 1 1 N i
pi.m+1:|: Z _P(,m)(fx,)P(m)(ai)} >O
r=0 ()"
Then we can define the quasi-typical extension as usual. §
As a very simple consequence of (3), we have
P(;l,”]) ) n o1 ] - - k
(= 1 P LS LB o) B ) [ w4
Cn h_o€h j=1
JFT

Finally, we obtain a remarkable expression for the nth monic orthogonal
polynomial associated with the quasi-typical extension in terms of the
above mentioned orthogonal basis.
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3.3. PrROPOSITION. For a quasi-typical extension of an inner product
d‘fﬁm’d in %1 1

=1
o= e, C"T'K,_(z,%)
(1) Pz)=—== jl) (2 —a)
Pn—’ 1 (ai) Gai
00 1 ]
PL",,I ) (a;)#0,i=1, .., k, by (4)).
. 1
(11) Cnh: BGu 1)
detm, _, Pl (%)
;1
Coo Cp-2.0 Cr—1.0 (1t
;1
Cot Cpo21 Crn1 g
S|
Tyt
Conm 1 (n 2 1 (n in -1 a’; )Ul :
. , o I
(111 (n 1.h 0 ai(ai )(“l )
(h=0,..,n—1), where
(a-[_/.)(“l 1): l//"ll/* 1&1'/7”’*’]’

and V,; . =0if j<p,—1
Proof. (1) is an immediate consequence of (3) and (4).
(ii) By the above expression, for /=0, .., n—1,

I - .
0= <(3_al,)w’ z”> -

71 1
oot

il
a ! Kn —1(2’ 11‘) h —h g+ 1
—_—, "y =,V ay
8&”’71 5 = el RAV NTES R .
’

i

But, since

Coo Cio Cr-1.0 1
1 Cor i Cyv 1.1 a4,
anl(z’ al.)_—_ _Z'— .................................... .
n-1 —n—1
Con—1 Cin-1 Cnfl.n 1 ai
1 2 0
(pi - 1
Coo o Caro (1)
;i — 1 -
<,6;M -h>_ S IO RE PR
z p— , Z =
pfxf‘ A"71

N N n1 (u; = 1)
(—O.n -1 cnfl.n 1 (11 ) '

Crn T Con 0
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Then,
| Pt
| (])(u )
| .
| T 1)
mn 1 | (11'1 )(“, :05
|
. N Ay(pi 1)
Cip Cpp (xi(ai) #
and
| (1)(;1171)
| .
n, - |
Cnh B
“ (i - 1)
Cono1"Co o2y 1 (o] )(u
! (i 1)
()
| :
LTy
= mn 1 | (a:l )(H !
_______ _J
Ay(pi— 1)
CrpCurp O o)™

Now (ii) follows immediately. |

Equality (i1) allows us to obtain the moment of order (n, #) in terms of
the above moments.
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